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Outline

ACovariance
ACorreIation Coefficient
Aconditional Joint PMF by an Event

Anan Phonphoem, Dept.of Computer Engineering, Kasetsart Universty



Covarianceof X and Y

Alf X and Y are not iIndependent,

Alnteresting guestion:
AHow X and Y are related ?

y y y
A - +. A - + A +
uy o ° ® uY bt . L l"lY ° ° ®
L BV ot X -
0% Mx Mx
Strong Positive Strong Negative Not Strongly
Relationship Relationship Related
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Var|[X+Y]

Definition: Var[X]=E[(XT m,)7]
Var[X+Y] = E[((X+Y) T m,y )?]

= E[(X+Y) T (m+ m,))?]

= E[(X-m) + (Y-my)) 7]

= E[(X-m)? +2(X-m) (Y-my)+(Y-m)?]

= E[(X-m)Z+2E[(X-m)(Y-my)]+E(Y-m,)?]

Theorem:
Var[X+Y] = Var[X] +Var[Y] + 2

Covariance
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Covarianceof X and Y

Definition: CovX,Y] = E[(X-m)(Y-m,)]

Cov[X,Y] = E[XY - mY - mX + m, m/]
= E[XY] - mE[Y] - mE[X] + mym,
= E[XY] - mm, - mm, + my m,

Theorem: CovX,Y] = E[XY] - m m,
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Example (1)

Po(s.) |t=40]t=60] P(s)| Hs=a s Ry(S)

s=1sheet| 0.15| 0.1 | 0.25 (0.25*1)+(0.5* 2)+(0.25* 3)

s=2sheets 03 | 0.2 | 05 2

s=3sheets 0.15| 0.1 | 0.25

P,(t) 06 | 04| 1 | Hr=a t Py(t)

= (0.6*40)+(0.4*60)
=48
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Ps«(s.) |t=40|t=60] P(s)

s = 2 sheets 0.3 0.2 0.5
s=3sheets 0.15| 0.1 | 0.25

Us=2 p;=43 P(t) 0.6 | 0.4 1

Definition: CovX,Y] = E[(X-m)(Y-m,)]
Cov(S,T)=a a(sT 2)(t1 48) Ps(s,?
(S,9)
= (17 2)(4071 48) *0.15 =12-12+0+0-12+1.2
+ (17 2)(60T 48) *0.1 =0

+ (27 2)(407 48) *0.3
+ (27 2)(607 48) *0.2
+ (37 2)(407 48) *0.15
+ (37 2)(607 48) *0.1
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Ps«(s.) |t=40|t=60] P(s)

Example (1) s=1sheef 0.15| 0.1 | 0.25

s =2 sheets 0.3 0.2 0.5

s =3 sheets 0.15| 0.1 | 0.25
Us=2 p;=43 P (t) 0.6 | 0.4 1

Theorem: CovX,Y] = E[XY] - m m,

Cov(S,T) = E[ST]- gty

= ((1*40*0.15 =(6+6+24+24+18+18) 1 (96)
+ (1*60)*0.1 96T 96
+(2*40*0.3 =0 -Same as previous metho
+(2*60)*0.2
+ (3*40)*0.15 Sand T are
+(3*60)*0.1) T (2*48) Not Strongly Related
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Example (2)

Alnsurance Company
A Automobile policy (300, $250)
AHomeowner 00s$100,6200 cy ( $
Acustomer purchase both gets deductible (in
dollars)
AX = deductible amount on Auto Policy
AY = deductible amount ¢

Ap
A XJV& 33)
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Example (2)

Py v (X,y) y=0 |[y=100|y=200| Py(x) | X = deduct. Auto Policy
x=100 0.20 | 0.10 | 0.20 | 050 | Y =deduct. Home Policy

x=250 0.05 | 0.15 | 0.30 | 0.50

Py (y) 025 | 025 | 05 1
Uy =a X Py(X)
= (0.5*100+(0.5* 250
=175
Uy =ay Py(y)
= (0.25*0)+(0.25*100+(0.5*200)
=125
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Py v(X,Y) y=0 | y=100| y=200| Py(x)

Example (2) x=100 0.20 | 0.10 | 0.20 | 0.50

Xx=250 005 | 015 | 0.30 | 0.50

Py(y) 025 | 025 | 05 1

Definition: CovX,Y] = E[(X-m)(Y-m,)]

Cov(X,Y) =('a' ?(X 1179y T 125 PX,Y(X,Y)
X,y
= (1007 175)(0i 125 *0.2

+ (10071 1795(10071 125 *0.1 X and Y are
+ (1007 175)(200i 125) *0.2 n
+ (2507 175)(07 125) *0.05 Strong Positive
+ (2507 175)(1007 125 *0.15 Relationship
+ (2507 175)(200i 125 *0.3

= 1875

Covariancemmm) Linear Dependencebetween two RVs
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Example (2)

Alf the deductiblén cents(notin dollarg

AXY 100X, YY 100Y

A Cov(X,Y) Y Cow(100X, 100Y) Y 100¢100tCov(X,Y)
AFrom 1,875(in $) Y 18,750000(in cents)
AFrom1,875(in $) Y 0.1875(in hundreds of

Defect of Covariance:
Covariancecritically depends onUnit measurement!
Y We needdimensionlesgneasurement

Y Correlation Coefficient
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Covarianceof X and Y

Theorem: Cov[X,Y] m m,
Correlation

FX=YY CovX,X]=E[XX] -mm
= E[X?] - m?

= E[X?-2m?+m?
= E[X?-2mX + m7]
= E[(X - m)]
= Var[X]

If m orm,=0Y Co\X,Y] = E[XY]
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Correlation

Definition: The correlation of X and Y i|$<,Y
vy = E[XY]

Theorem: Cov[X,Y] =ryy - mm
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More Definition

Definition 1.
X and Y areOrthogonal if ry, =0 ;E[XY]=0

Definition 2:
X and Y areUncorrelated if Cov[X,Y] =0
Definition 3:
Correlation Coefficient of X and Y IS
_ Cov[X,Y] __Cov[X,Y]
I' X,Y - = 4’[ 1]

J Var[X]Var[Y] By
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Correlation Coefficient

Ary,

A Describes the info about X by observing Y
rvy>0

A 1f X U (relative to meanY Y U

AIf X b (relative to meanY Y b
Fvy<0

A If X U (relative to meanY Y b

AIf X b (relative to meanY Y U
Example:

AX = studentds hei g!jsq,\t/?OYz stud:
AX = cell phone distance, Y= Rx signal Strengthy y < 0
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Example (2) Revisit

Uy =175 py =125

Py v (X.Y) y=0 | y=100]y=200| Py(x)
x=100 0.20 | 0.10 | 0.20 | 0.50
x=250 0.05 | 0.15 | 0.30 | 0.50

Py (y) 025 | 025 | 05 1

E[X?] =& x? Py(X)
= (100?* 0.5) +(25C%* 0.5)
= 5000+ 31250
= 36250

S% = E[X?] - p%
= 362501 (17572
Sy =13

E[Y?]=a y* Py(y)

= (02*0.25)+(100?* 0.25)+(200%* 0.5)

= 22500

s4 = E[Y7] - p5y
= 225007 (1257
S, =8292
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Example (2) Revisit

- CovX¥] _ _ 1875
oY S 75* 82.92
=0.301
Fromr, >0 FromCov(X,Y)
If X U(relative to meany Y U X and Y are

If X b (relative to meanY Y b

Strong Positive Relationship
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Uncorrelated

|f X and Y arelndeppndent then
Y CovX,Y]=0VY ry,=0
Y X andY areUncorrelated

Note:
If X and Y areUncorrelated,
Y X and Ymay or may notIndependent
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Conditional Joint PMF
by an Event
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Conditional Joint PMF by an Event

P[(X=x,Y=y) AEB]
P[B]

PX,Y|B(X1y) =

If (X=x,Y=y) | BY (X=x,Y=y) ZEB = (X=x, Y=y)

" P[(X=x,Y=y)] ,
PE] (x,y)| B

Py vig(X;Y) = =

_ 0 Otherwise
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Example PX,YlB(x,y)

Let B={X+Y ¢4}  FindPyg(x.y)

X+Y =4
A ;)‘ Py (X,Y) 116 4 P vig(X,y)
3 Y12 116 3
> 2 ! >> 2 314
1 y4 %/8 2 ]‘/16 1 gﬂ %/14 %/7
00 2 3 4 00 1 2 3
X X

B/={X+Y ¢4} Y P[B]=7/12

Anan Phonphoem, Dept.of Computer Engineering, Kasetsart Universty

23



Conditional PMF

ASpeciaI case of Conditional Joint PMF by an Event

Y the Eventis X=x or Y=y
APX,YlB(x,y) when B = {Y=y}

Y Py viv=y(XY) = Ry (X]y)

Definition: PXlY(x\y) = P[X=x | Y=V]
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Conditional PMF

Pyv(Xly) = P[X=x] Y=y]
- PIX=x,Y=y]
~ PlY=y]

B Py v (X,Y)
- Puy)

Theorem:
Py v(%,Y) = By (XIY)R(Y) = Ry x (Y[X) P (X)
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Independent RV's

AFrom the Independent definition
A A and B are independeift P[AB] = P[A]P[B]

AX and Y are Independent RW$
A{X=x} and {Y=y} are independent for all x, y NS,

Definition: Py y(X,Y) = Py(X)Py(Y)
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Independent RVs

Theorem:

(@) 1y = E[XY] = E[X]E[Y] ,
(b) E[X]Y =y] = E[X] forallyl S,
(c) E[Y|X = Xx] = E[Y] forall xI S,
(d) Var[X+Y] =Var[X] + VarlY]
(€)CovX,Y] =ryy =0
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More than 2 RVs

Definition: Joint PMF of discrete RV X é Xis

Pr, ¢ (K € W% PIX=X, € =Xyl
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Summary

AJoint PMF
AMarginal PMF
ACovariance

AcCorrelation Coefficient
Aconditional Joint PMF by an Event

Anan Phonphoem, Dept.of Computer Engineering, Kasetsart Universty

29



Lecture #6-2

Continuous Random Variable
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Random Variable

X Is a function that maps each outcomes, in S
to a real number X(s), x
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Continuous Sample Space

-1 0 1 2 3 4

In Discrete countable set of numbers
S=1{-1,0,1,3,4}
S,={-1,-0.9,0,0.5,1,1.8,2.25,2.9,3}

In Continuous: uncountable set of numbers
Sy = Interval betweer? limits

S¢= (X1 %) = (-1,3)
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Continuous Set Boundary

(X,%,) Y (lower limit, upper limi)

A()(1’)(2) = {X
A[)(1’)(2] = {X
A[)(1’)(2) = {X

A()(1’)(2] = {X

Anan Phonphoem, Dept.of Computer Engineering, Kasetsart Universty

X, < X < %}
X; € X € X}
X, € X < X}
X; < X € X,}

33



Continuous Random Variables

A Measuringl, the eating time of a student
S={t|0¢tc¢ 120

A MeasuringV, voltage across a resistor

S,={v|-8 <v<au}

A MeasuringP, a program file download time
S=1{p|0<p<n}

A MeasuringD, distance of wireless connection from Access Poir
S,={d|0¢d¢ 100

T.V, P, DY Continuous Random Variables
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Probability of
a continuous RV outcome

AI\/Ieasuring P, a program file download time
S=1{p|0<p<n}

AGuesst
AGuesst
AGuesst

ne G
ne G

ne G

own
own
own

oad time B, LO] minutes
oad time 8, B] minutes
oad time 15, b.5] minutes

Chance that our guess Is correct Is decreasing
A Guess the download time is exadl5 min.

Probability of each individual outcome s

The interesting probabillity is anterval !
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Cumulative Distribution Function

AFor bothDiscreteandContinuous RV:
A Cumulative Distribution Function (CDF)

Definition:
F(X) = P[X ¢ Xx]

AcContain complete information about the probability
model of the random variable

AFor Discrete CDF 4mmmp PMF
AFor Continuous: CDF s PDF
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CDF

Fy(Xy) = P[X¢ Xx,] Fy(@) = P[X¢ o]

Py (X) ,
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CDF Theorem

heorem:

x(-2) =0

x(2) =1

APx, < X ¢ x,] = Fy(x,) T Fy(Xy)

—]

R
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Roulette Wheel of Fortune

Gamble Is a disastrougand really bad) habit
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