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Mixed Random Variable

* Discrete RV 2 PMF & Summation
* Continuous RV - PDF & Integral
* Combination of Discrete and Continuous RV

 Unit impulse function
e Can use same formulas to describe both RVs



Unit Impulse Function

* Delta Function : d(x)

Definition:
et d

Then

0 ="

o(x) = limd_(x)

e—>0

—¢ef2 <x<¢f2
Otherwise




Delta Function

d(X)

-1/2 1/2
No mathematically meaning but very useful



Delta Function

[a,00dx= | Ldx=1

—l2

Ase =20, d (X) 2 o(X)

IS(X) dx =1  Special case of

Theorem: (sny/ rop ty)
J @0 P(xéxg) dx = g(xo>




Unit Step Function

Definition:

o X<0
u(x) = 1 X>0

u(x)




Unit Step Function

j dWdv=0 [d(v)dv=1
For x #0, e 20 7
["d,(v) dv = u(x)

Theorem:
I o(V) dv = u(x)

Forx=Q ??

du(x)l Not exist
O(X) = »




PMF -> PDF

Fx(X) = 2 Py(X;) u(x-x;)

X; € Sy
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u(x-x;) = u(x) shift to x;



PMF - PDF

Fu(X) = 2 Py(X) u(x-x;)

X; € Sy

fy(X) = XZE:S Py (X;) 0(X-X;)

Py(X1) Px(X) Px(X3) Pyx(Xg) Px(Xs)

NERR

Ty (X)

X, Xy X3 X4 X



PMF - PDF

fy(X) = XZE:S Py (X;) 0(%-X;)

E[X] = j Oox _ZS Py (X:) (X-X;) dX

= ZS j X Py (X:) 8(X-X;) dx
S o0 ) Sifting property
ZS X; Py (X:) J 9() 8(x-Xo) dx = g(xp)

—00




PMF < - PDF

Theorem :
* PIX=x] =9
* Pu(Xg) =1

* Tx(X0) =9 6(0)

o Fy(X,") — Fx(Xy) = Discontinuity at x,

=> g 5(Xp) ??




Mixed Random Variable

Definition: X is a mixed RV Iff
f.(X) = both impulses and nonzero, finite values
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Example

* Observe the period of telephone call
» 1/3 of calls : never begin (no answer/busy)

* For the success call, with probability of 2/3,
call is uniformly [0,3]

* Find PDF, CDF and Mean of call holding
time
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Example

Y: call holding time
A: phone was answered - AC: not answered
0<y<3

Fy(y) = PLY<y]
1 1/3 y/3 2/3

= PIY<yACIPLA] + P[Ysy[A]P
%&@(gﬁ
= 1/3 + 2y/9
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Example

_—

0

FY(y) - << 1/3 +2y/9

N—

y <0
0<y<3
Otherwise

o(y)/3+2/9 0<y<3

Otherwise

Fy(Y) 4

1/3

fy(y)

2/9

1/3
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Example

00 3
E[Y]= [y (1/3)3(y) dy + J y (2/9) dy
=0+1 =1

Note: for Uniform [0,3] = E[Y] =15
But now has an effect of 6(y) 2 E[Y] =1
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Derived Random Variable

Y =aX
Fy(y) = P[aX <y] = P[X < y/a] = Fy(y/a)
dF,
h) = o = (Ua) i)
Theorem :

* Fy(y) = Fx(y/a)
- T (y) = (1/a) fy(y/a)
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Derived Random Variable

Y=X+Db
Fy(y) =P[X +b <y] =P[X<y-Db] =Fx(y - b)
dF,
h) = < =)
Theorem :

* Fy(y) = Fx(y - b)
* Ty(y) =Tx(y —D)

19



Conditioning a continuous RV

P[A|B] = P[AB] / P[B]

P[X, < X<X,] = f fy (X) dx
Approx: P[x <X < x+dx] = f «(X) dx

P[x < X < x+dx ,B]

fys(X) dx = P[x < X < x+dx |B]=

P[B]

P[x < X < x+dXx]
P[B]

_ F(x) dx
~ P[B

& XxeB,x+tdx e B




Conditioning a continuous RV

P[B]
Definition: _
fX(X) B
fs(X) = < PB]  C
\0 Otherwise
Definition: o0

E[g(X)|B] :_O'E g(x) Txg(x) dX
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Example

* Observe the period of telephone call (T) is an
exponential RV with expected value 3 min.
* Find E[T|T>2]

e Solution:

C(@/R3)et®  t>0
f+(t) = <

_0 Otherwise

P[T>2]= | f(t)dt =e23
2
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Example

Cf()/P[T>2] t>2
f )= =
T|T>2( ) 0 Otherwise
— —(t—2)/
13) e ts2
= <
\0 Otherwise
> _(t—2)/3
ET|T>2]= [t@w3)e  dx
2

=95

min.
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Joint CDF

* Pairs of Random Variables
* Discrete:
Joint PMF Py (X,)y) = P[X=X, Y=y]
* Continuous:
Py v(X,Y) =0  (Px(x)=0,Py(y)=0)
For 1 RV -2 Interval on real axis
For 2 RVs - area in a plane
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Joint CDF

Definition: Joint CDF of X and Y

FX,Y(x,y) =P[X <X, Y<LY]

rTa

X
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Interesting Properties

* For Event {X < x}
Fy (X) = P[X <X]
=P[X <X, Y L]

‘_[ (x, )

= jignooFx,Y(X’Y)

= Fy y(X, )

ham

_—»X

27



Joint CDF

(b)
(c)
(d)

Theorem :
(@) 0<Fyxy(xy) <1

> <

- (Xp,Y1)

- (X,Y)

Fy(X) = Fy y(X, )
v (Y) = Fyx y(0, Y)

:x,y('ooi y) = |:X,Y(X’ -0) =0

(e) Ifx;zxandy, >y

then Fy v(X1,Y1) > Fx y(X,Y)
(f) Fx y(o0, ) =1

» X
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Joint PDF

Definition: Joint PDF of X and Y Is satisfied

Xy
FayY) = [ | fxy(uv) dv du

Theorem:

_ 0% Fy v(X,y)
fX,Y(Xiy) - ax ay
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Joint CDF

Theorem:
PIX; < X< X5 ¥, <Y <Y
= Fx v(X2,Y2) - Fxv(X2,¥1) - Fx v(X1,¥2) + Fx yv(Xyy1)

Y

A

(X1,Y5) (X2,2)

- (X2,Y1)




Joint PDF

Theorem:

(@) fx v(x,y) = 0 for all (x,y)
(0) | ] fxylxy)dxdy=1

Theorem:
PIA] = [[ fi v (xy) dx dy
A




Example

_ C 0<x<3,0<5y<H
Txv(Xy) = {O Otherwise

Find constant ¢ Y
35 5‘
chdydx:15c:1
00 T
= c=1/15
: f— X
Find P[A] = P[1<Xx<3,2<y<3] 00 13

33
p[A] = | | 1715 dv du = 2/15
1 2
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Marginal PDF

Theorem: "
fx,(X) :I fx,Y(X,Y) dy

fy (y) :j Ty v(X)y) dXx




Example

_Jcx 0<x<1,|y|<x?
Ty () = {O Otherwise y

A

Find constant ¢

00 00 1 X2
chxdxdy :j(jcxdy)dx ]
~00-00 0 -x2

1 o
=I cX (2x?) dx = CA‘
0 0

2

——(2: =1 =»c=2
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Example

Find the marginal PDF f,(x) and f, (y)

Fixed x (X = x) then integrate all y
2

X
f (X) = j 2x dy = 4x3
_X2

Otherwise

3
£, (X) :{gx 0<x<1
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Example

Fixed y (Y =) then integrate all x

1
f,(y) =] 2xdx=1-ly
vyl

1 - -1<y<1
fy(y) :{O VI Y

Otherwise
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Functions of 2 RVs

Example:
Wireless based station with 2 antennas. X and Y are
RVs of the signal
* Find the strongest signal
W=X if|X|>|Y|] or W=Y otherwise
 Find the addition of 2 signals
W=X+Y
 Find the addition of 2 signals with weight
W=aX+bY
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Functions of 2 RVs

Faw) = PIW <w] = [, (xy) dx dy

g(xy) <w




Example

£ (Xy) = 1/15 0<x<3,0y<5
xYWY) =7 g Otherwise

Find PDF of W = max(X,Y)
For W=max(X,Y) 2 {W<w}={X<w,Y<w}

Fw(W) = P[X<w,Y<w]

= j j fy v(Xy) dx dy
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Example

We can divide Iinto 2 cases

N
W W
3T Fo(W) :j I 1/15 dx dy = w?/15
0 0
> X
O0<w<3
N
w3
3t Fuw(w) :j( j 1/15 dx )dy = w/5
3 0
> X
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Example

Fw(w) = <

fp(w) = <

—

N—

0 w<0
w3/15 0<w<3
w/5 3<w<5h
1 w>5
2w/15 0<w<3
1/5 3<w<5
0 Otherwise

Fy(W)

0
f, (W)
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