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Theorem:

E[W] = E[g(X,Y)]

g(x,y) fX,Y(x,y) dx dyñ
-¤

¤

ñ
-¤

¤

=
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Theorem:

For    g(X,Y) = g1(X,Y) + é + gn(X,Y)

E[g(X,Y)] = E[g1(X,Y)] + é + E[gn(X,Y)]
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Theorem:

E[ X+Y ] = E[X] + E[Y]

Find E[X] Ą From fX,Y(x,y) Not necessary

Ą Can find from Marginal PDF fX(x) 

So, we can find Var[X+Y], Cov, rX,Y
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Definition:

fX,Y|B(x,y)

fX,Y(x,y)

P[B]=
(x,y) ÍB

0                   Otherwise
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fX,Y(x,y) =
1/15 0 ¢x ¢5, 0 ¢y ¢3

0              Otherwise 

ÅFind the conditional PDF of X and Y given that event B = {X+Y Ó 4} 

1/15 dx dyñ
0

3

ñ
4-y

5

P[B] =

(1+y) dy1/15 ñ
0

3

= =  1/2

fX,Y|B(x,y) =
2/15 0 ¢x ¢5, 0 ¢y ¢3,  x+yÓ 4

0              Otherwise 

X

Y
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Definition:

fY|X(y|x)
fX,Y(x,y)

fX(x)
=

fX|Y(x|y)
fX,Y(x,y)

fY(y)
=

Theorem:

fX,Y(x,y) = fY|X(y|x) fX(x) = fX|Y(x|y) fY(y)
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fX,Y(x,y) =
2          0 ¢y¢x ¢1

0          Otherwise 

ÅFor 0 ¢x ¢1, find the conditional PDF fY|X(y|x) 

fX,Y(x,y) dyñ
-Ð

Ð

fX(x) =

2 dyñ
0

x

= = 2x
X

Y

1

1

fX,Y(x,y) = 2

1/x       0 ¢y¢x

0          Otherwise 
fY|X(y|x) =               =

fX,Y(x,y)

fX(x) 
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fX,Y(x,y) =
2          0 ¢y¢x ¢1

0          Otherwise 

ÅFor 0 ¢y ¢1, find the conditional PDF fX|Y(x|y) 

fX,Y(x,y) dxñ
-Ð

Ð

fY(y) =

2 dxñ
y

1

= = 2(1 ïy)
X

Y

1

1

fX,Y(x,y) = 2

1/(1 ïy)      y ¢x¢1

0          Otherwise 
fX|Y(x|y) =               =

fX,Y(x,y)

fY(y) 
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Definition: for fY(y) > 0

E[X|Y=y] =    x fX|Y(x|y) dxñ
-¤

¤

Definition: for fY(y) > 0

E[g(X,Y)|Y=y] =    g(x,y) fX|Y(x|y) dxñ
-¤

¤
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ÅFind the conditional expected values E[X|Y=y] and E[X|Y]
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1/(1 ïy)      y ¢x¢1

0          Otherwise 
fX|Y(x|y) =               =

fX,Y(x,y)

fY(y) 

x fX|Y(x|y) dxñ
-Ð

Ð

E[X|Y=y] =

ñ
-

=
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1

1

y
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2
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Definition: X and Y are independent iff

fX,Y(x,y) = fX(x) fY(y)

Example:

fX,Y(x,y) =
4xy 0 ¢x ¢1, 0 ¢y ¢1

0              Otherwise 

Are X and Y independent ?

fX(x) =
2x 0 ¢x ¢1

0     Otherwise fY(y) =
2y 0 ¢y ¢1

0     Otherwise 

For all pairs are true as definition ĄX and Y are independent
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Theorem: for independent rv X and Y

E[g(X) h(Y)] = E[g(X)] E[h(Y)]

Cov [X,Y]    = 0

Var [X+Y]   = Var[X] + Var[Y]
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Definition: Bivariate Gaussian RV 

s1 s2

2r(x-m1) (y-m2)
ï

x-m1

s1
(    )

2
y-m2

s2
(    )

2

+

2(1 ïr2) 
exp

2ps1 s2  Õ1 ïr2

fX,Y(x,y) = 

m1 and m2 Íreal number, s1 > 0, s2 > 0  and ï1 ¢r¢1
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For m1 = m2 = 0 , s1 = s2 = 1 and r= 0, 0.9, -0.9
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r= 0 Uncorrelated

r> 0 If X Ü(relative to mean) ĄY Ü

If X Þ(relative to mean) ĄY Þ

r< 0 If X Ü(relative to mean) ĄY Þ

If X Þ(relative to mean) ĄY Ü

r=0.9
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fX,Y(x,y) =           e

ï(x -m1)
2

2s1
21

s1Õ2p

ï(y -m2(x))2

2s2
21

s2Õ2p
e~

~

~

Marginal fX(x) = ?

fX(x) =           e

ï(x -m1)
2

2s1
21

s2Õ2p
ñ

ï(y -m2(x))2

2s2
21

s2Õ2p
e~

~

~

dy

¤

-¤

1
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fX,Y(x,y) =           e

ï(x -m1)
2

2s1
21

s1Õ2p

ï(y -m2(x))2

2s2
21

s2Õ2p
e~

~

~

Theorem:

fX(x) =           e

ï(x -m1)
2

2s1
21

s1Õ2p
fY(y) =           e

ï(y -m2)
2

2s2
21

s2Õ2p
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Theorem: Conditional PDF of Y given X

fY|X(y|x) =

ï(y -m2(x))2

2s2
21

s2Õ2p
e~

~

~
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For m1 = m2 = 0 , s1 = s2 = 1 and r= 0.9

fY|X(y|x) = Gaussian Č Bell shape cross section
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