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Example Example

« Fax Sending (text-40sec & graphics-60sec)

Pos(5t) | t=40]t=60
Psr(st) |t=40)|t=60 s=1sheet | 015 | 0.1
s=1sheet | 0.15 | 0.1 s=2sheets | 0.3 0.2

s=2sheets | 0.3 0.2 s=3sheets | 0.15 | 0.1

s =3 sheets | 0.15 0.1

Let D = duration for sending one fax D=g(ST)=sT
=9(S,T) :
=ST

Find Py(d), Sp, and E[D]

t
0

Sp = {40,60,80,120,180}

Example Expectations

Sp={40,60,80,120,180} E[W] for W =g(X,Y)

- E[X+Y
Po(d) ~ ED'=d Ps1(s:0) vl .
Var[X+Y] (\Variance)

0.15 d=40 ||E[D]= T Py(d) Cov[X,Y]  (Covariance)
0.1 d=60 deSp

'y (Correlation)
03 d=80 -

= 96sec i ici
015+ 0.2 d=120 Pxy (Correlation Coefficient)

0.1 d=180
0 Otherwise




Expected Value of g(X,Y)

Theorem: for W = g(X,Y)

EIW] =2 2 9(X.Y) Pxy(xy)

From Last Example

With the theorem, we can directly find E[D]

E[D]:Esl Y st Pg(st)

s=1 t=40,60

gt g2 g1 E[D] = 1*40%0.15 + 1*60*0.1 +

2%40%0.3 + 2*60%0.2 +
.15 13 .15
LAl :> 3*40*0.15 + 3*60*0.1

=96 sec

Var[X+Y]

Definition:  Var[X] =E [(X — 1, )]
Var[X+Y] = E[(X+Y) - iy )7

= E[((X+Y) = (1t m))d

= BI((X-pd + (Y-py)) 7

= BEI(X-pd? +2(X-pd (Y-py) +(Y-py)?]

= E[(X-p, )2+ 2E[(X-p)(Y-py) FE(Y-py )]

Theorem:
Var[X+Y] = Var[X] +Var[Y] +

Covariance 7/ 1

From Last Example

To find the E[D], D =g(S,T) = ST

&1 92 il

d =60

0.15 d=40
91593 415 05 a-m E[D] = = Py(d
V/‘ PD(d){ 015+02 d=120 ] deS, o@
0.1 d=180

0 Otherwise

s

Map g(S,T) >D Find P(d) Find E[D]

For any 2 RVs

Theorem:

E[X + Y] = E[X] + E[Y]

* Find E[X] and E[Y]
- Marginal PMF

Covariance of X and Y

Definition: Cov[X,Y] = E[(X-)(Y-uy)]

Cov[X,Y] =E[XY -, Y - py X + p, ]
= E[XY] - ELY] - EDX] + i,
= E[XY] - My p'y' 2% “y+ Hx “y

Theorem: Cov[X,Y] = E[XY] - p, by




Covariance of Xand Y

Theorem: Cov[X,Y]C E[XY]) 1y

Correlation

Correétion
If X =Y = Cov[X,X] = E[XX] -p, by
= E[XZ] - !sz
= E[x2 -2 sz + sz]
= E[X2 -2 ]JXX + uxz]
= E[(X - ny7]
= Var[X]

If p, or py =0 = Cov[X,Y] = E[XY]

More Definition

Definition: The correlation of X and Y is ry y
vy = E[XY]

Theorem: Cov[X, YT = ryy - by by

Definition 1:
X and Y are Orthogonal if ry, =0 ;E[XY]=0

Definition 2:
X and Y are Uncorrelated if Cov[X,Y] =0

Definition 3:
Correlation Coefficient of X and Y is

__ Covix.Y] L1 1]
Px.y Var[X]Var[Y] ’

Uncorrelated

If X and Y are Independent, then
= Cov[X,Y]=0 = pyy=0
= X and Y are Uncorrelated

Note:
If X and Y are Uncorrelated,
= X and Y may or may not Independent
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Correlation Coefficient

Px,y
« Describes the info about X by observing Y

Pxy>0
o If X 1! (relative to mean) > Y
o 1f X U (relative to mean) > Y U
Pxy<0
o If X 1! (relative to mean) > Y U
o If X U (relative to mean) > Y !

Example:
« X = student’s height, Y= student’s weight Px y >0

* X = cell phone distance, Y= Rx signal Strength Py v < 0]
’ 16

Conditional Joint PMF
by an Event

P[(X=x,Y=y) N B]
PX,Y|B(X!y) = P[B]

If (X=x, Y=y) € B 2 (X=x,Y=y) N\ B = (X=x, Y=y)

PIX=x.Y=y)]
PB] xy)eB

Py vip(X,y) =

Otherwise




Example Py yg(X,y) Conditional PMF

LetB={X+Y <4}  Find Py yg(X.y)
X+Y =4
Pxv(X.Y) Px.ve(X.y)

* Special case of Conditional Joint PMF by an Event
—>the Event is X=x or Y=y

* Py yp(Xy) when B = {Y=y}
> Py viv=y(X.Y) =Py (Xly)

3/14
]

Definition: PX|Y(X|y) = P[X=x]|Y=y]

Bl= {X+Y <4} - P[B]=7/12

Conditional PMF Independent RVs

P (Xly) = P[X=x| Y=  From the independent definition
XlY( |y) [ | y] A and B are independent iff P[AB] = P[A]P[B]
_ PIX=x,Y=y]

PLY=y] « Xand Y are independent RVs if and only if
Px Y(X,Y) {X=x} and {Y=y} are independent for all X,y in S

Py(y) Definition: Py y(X,y) = Py (X)Py(y)

Theorem:
Py v(X.Y) = Py (XIY)Py(Y) = Pyx(YIX)Px(X)

21

Independent RVs More than 2 RVs

Theorem: Definition: Joint PMF of discrete RV X,... Xy is

(8) ryy = E[XY] = E[X]E[Y]
(b) E[X|Y =y] = E[X] forally e Sy
(c) E[Y|X =x] = E[Y] for all x € Sy
(d) Var[X+Y] = Var[X] + Var[Y]

(e) Cov[X,Y] =pyxy =0




Homework

1) 3.1.6
2) 3.25
3) 3.35
4) 3.4.6
5) 3.5.2
6) 3.6.3
7) 3.6.6
8) 3.7.8
9) 3.8.3




