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* Pairs of Random Variables
Multiple Continuous RV (1) « Discrete:
Joint PMF Py y(x,y) = P[X=x, Y=y]
* Continuous:

wel. a3, ovfus mariiy
Asst.Prof. Anan Phonphoem, Ph.D. PX,Y(X,Y) =0 (Px(x)=0,Py(y)=0)
anan@cpe.ku.ac.th
Intelligent Wireless Network Group (IWING Lab)
htp://iwing.cpe.ku.ac.th For 2 RVs - area in a plane

Computer Engineering Department

Kasetsart University, Bangkok, Thailand,

For 1 RV = interval on real axis

Joint CDF Interesting Properties

Definition: Joint CDF of X and Y » For Event {X <x}
Fy(x) =P[X <x]
=P[X <x, Y <o

= ylif)nwFX,Y(XaY)

Fxy(xy) =P[X<Xx,Y <y]

Y

= FX,Y(Xa o0)

Joint CDF Joint PDF

Theorem : Definition: Joint PDF of X and Y is satisfied

(a) 0<Fyy(xy) <1 x

(B) F(x) = Fyy(x, ) Bosftep)=] || ity cl

(©) Fyly) = Fxy(,y)

(d) Fxy(-0,y) = Fx y(x, -0) =0 Theorem:

(e) Ifx,2xandy, 2y o? FX,Y(XaY)
then Fy v(x;,y,) > Fx y(x.y) fX,Y(X’Y) - 0x Oy

(f) Fx y(0, 0) =1




Joint CDF

Theorem:
Plx; <X <Xy, <Y <y,]

Joint PDF

= FX,Y(XZ’YZ) - FX,Y(XZ’YI) - FX,Y(XpYz) +F X,Y(XDYI)

Example

Je 0<x<3,0<y<5
fov(oy) = {0 Otherwise

Find constant ¢ Y

35
[[edxdy=15c=1
00

2>c=1/15
Find P[A] = P[L<x<3,2<y<3]

33
PlA]= [ [ 1715 dvdu=2/15
12

Example

_ Jex 0<x<1,ly|<x?
Fox(xy) {0 Otherwise v

Find constant ¢
0 0 1 x2
chxdxdy :I(I cxdy)dx
-00-00 0 -x2
1
:d[ cx 2x2)dx = ch4 |;

== =1 >c=2

Theorem:
(a) figy(xy) 2 0 for all (x,y)
®) [ [ fiyxy)dedy=1

Theorem:
PIA] = [[ fxy(xy) dx dy
A

Marginal PDF

Theorem: o
£ (0 =] fxy(xy) dy

£y (y) =_I fy y(%,y) dx

Example

Find the marginal PDF fy(x) and f,(y)

Fixed x (X = X) then integrate all y
2

fx (%) =I 2x dy = 4x3

4x3 0<x<1
£(x) =
x(X) {0 Otherwise




Example

Fixed y (Y =y) then integrate all x

1
fo(y)=] 2xdx=1-1y|
iyl

1- -1<y<1
f(y) :{0 1 Y

Otherwise

Functions of 2 RVs

Fy(w) =P[W < w] =I I fX,Y(X,y) dx dy

glxy)sw

Example

We can divide into 2 cases

Fow) = [ 1/15 dx dy = w15
00

X

w3
Fyw) =] ( [ 1715 dx )dy = wis
0 0

— x

Functions of 2 RVs

Example:

Wireless based station with 2 antennas. X and Y
are RVs of the signal
— Find the strongest signal
W=X if[X|>|Y] or W=Y otherwise
— Find the addition of 2 signals
W=X+Y
— Find the addition of 2 signals with weight
W=aX+bY

Example

_ 1/15 0<x<3,0<y<5
fov(xy) = {0 Otherwise

Find PDF of W = max(X,Y)
For W =max(X,Y) 2 {(W<w}={X<w,Y<w}

Fy(W)=P[X<w,Y<w]

= [ [ftxy) dxdy

Example

w<0
0<w<3
3<w<s
w>5

2w/15  0<w<3
fy(w) = 1/5 3<w<5

0 Otherwise




Expected Value

Theorem:
E[W] =E[g(X,Y)]

= I [ etxy) fiy(xoy) dx dy

Expected Value

Theorem:
For g(XaY) = gl(X:Y) + e + gn(XaY)

E[g(X,Y)] = E[gi(X, V)] + ... + E[g,(X,Y)]

Expected Value

Theorem:
E[ X+Y ]=E[X] + E[Y]

Variance and Covariance

Find E[X] - From fy y(x,y) Not the only way
- Can find from Marginal PDF fy(x)

So, we can find Var[X+Y], Cov, pyy

Correlation Coefficient

Theorem:
Cov[ X,Y ] = E[(X - uy)(Y- uy)]
Cov[ X,Y ]=E[XY] — puxiiy)]

Theorem:
Var[X+Y] = Var[X] + Var[Y] +2 Cov[X,Y]

Theorem:
Cov[ XY |

XY™ X VaryT

Conditioning Joint PDF
by Event

Theorem:
I <pxy=<1]

Definition:

fy(xy)

=== (xy) € B
fX,Y\B(XaY) = P[B]

0 Otherwise

For P[B] >0




Conditional PDF

Definition:
f S
fyx(yx) = _‘—Xfig)y)
fx Y(an)

leY(X|Y) - fY(y)

Theorem:

fX,Y(X’Y) = fY|X(Y|X) fy(x) = fX\Y(X|Y) £,(y)

Independent RVs

Definition: X and Y are independent iff
fX,Y(X>Y) = fx(x) fy(y)
Example: {

4xy 0<x<1,0<y<1
0 Otherwise

Are X and Y independent ?

_ 2x 0<x<1 _ 2y 0<y<l1
fx(x) = 0  Otherwise f() = 0 Otherwise

For all pairs are true as definition X and Y are independent
27

fX,Y(X’Y) =

Jointly Gaussian RV

=u,=0,0,=0,=1andp=0,0.9,-0.9

Conditional Expected Value

Theorem: for f(y) >0
EIXIY=y] = ] x fipy(xly) dx

Theorem: for f(y) >0

ElsX)IY=y1= | g0ey)f(xly) dx

Jointly Gaussian RV

fX,Y(X9Y) =

Definition: Bivariate Gaussian RV

(x ul) 2p () (y-1) (_L(%Z 2

0,0,

2(1-p?)

215(510'2\/17p2

w, and p, € real number, 6, >0,5,>0 and-1 <p <1

Jointly Gaussian RV




Jointly Gaussian RV Bivariate Gaussian RV

Theorem: Conditional PDF of Y given X
—(x-m)? =y - B9y =y - By

= 1 26 1 2522 _ 1 G2
vy = T T C O

Theorem:
—(x- ) =y - B2

1 o2 _ 1 ez
fX(X):Glm e fY(Y)_sz e

Joint Gaussian PDF More Than 2 RVs

» 2 RVs = Bivariate Joint PDF
« >2 RVs = Multivariate Joint PDF

Forp,=p,=0,0,=c,=1and p=0.9

fyx(y[x) = Gaussian =¥ Bell shape cross section

33




