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Unit Impulse Function

« Delta Function : 8(x)

Definition:

Let 4.0 = {1)/8 —el2<x<¢€l2

Otherwise

Then d(x) = EII_I)T(I) d.(x)

Delta Function

[a0de= | &dx=1

—el2

Ase =0, d(x) 2 3(x)
= can conclude that

["8(x)dx=1

Mixed Random Variable

* Discrete RV - PMF & Summation
 Continuous RV - PDF & Integral
* Mixed RV

- Combination of Discrete & Continuous RV
- Can use same formulas to describe both RVs
-> Unit impulse function

Delta Function
d,(x)

172 12 "

No mathematically meaning but very useful,

Sifting Property

,1
Theorem: Siftifig Progerty of delta function)

@R dx = 90\

SpWof
["5(x) dx =1




Unit Step Function

« Delta function €=» unit step function

Definition:

0 x<0
v = { x>0

u(x)

Unit Step & Delta Function

Theorem:

[ 5(v) dv = u(x)

For x =0 ??

Not exist

PMF > PDF

= Fu(X) = XZE:S Py (X)) U(X-X;)
fx() = Z_Px(x) 8(x-x))

Pu(X) Px(Xz) Px(Xs) Px(Xs) Px(Xs)

Unit Step & Delta Function
d,(x)

J'd,(v) dv = u(x)

["d,(v)dv=0

['d,(v)dv=1

y + X
-1/2 Forx=0,e >0 12

PMF > PDF

Fy(x) = XZS Py (X)) u(x-x;)

1
0.5
0

1 2 3 4 5
X

u(x-x;) = u(x) shift to x;

PMF - PDF
fy(x) = Zs Py(X;) 8(X-X;)
EXi= | x 3Py () 8(x) dx

ZS TX Py (X;) 8(x-x;) dx

> X Py(x) Sifting Property
X; € Sy

12




PMF € PDF

Mixed Random Variable

Theorem :
For a RV X =» the equivalent statements:

* P[X=x]=q
* Py(X) =1

* fx(x0) =9 5(0)

Definition: X is a mixed RV iff

f.(x) = both impulses and nonzero, finite values

* Fx(%") = Fx(Xo) =d Discontinuity at x,

Example

* Observe the period of telephone call
— 1/3 of calls : never begin (no answer/busy)

— For the success call, with probability of 2/3,
call is uniformly [0,3]

¢ Find PDF, CDF and Mean of call holding
time

Example

0 y<0
_Juz+2ye  0<y<3 1
F =
v(Y) 0 Otherwise

8(y)3+2/9 0<y<3
fy) = { Otherwise

Example

Y: call holding time
A: phone was answered - Ac: not answered

0<y<3
y/3

il E[[:;L/ - % L%/

= (1)(L/3) + (y/3)(2/3)
= 1/3 + 2y/9

Example

0 3
E[Y]= [ y(1/3)3(y)dy + J y (2/9) dy

=0+1 =1




Derive Random Variable

Y = aX
Fy(y) = P[aX <y] =P[X <yla] = Fy(y/a)

foly) = dTFy(Ly) = (V) fy(y/a)

Theorem :

* Fy(y) = Fx(y/a)
+fu(y) = (1) fx(y/a)

Conditioning a continuous RV

P[A|B] = P[AB] / P[B]

Xz
PIX, < X <%,] = | fi(x) dx
Xy
Approx: P[x < X < x+dx] = fy(x) dx

fyp(X) dx = P[x < X < x+dx |B]=

P[x < X < x+dx ,B]

P[B]
P[x < X < x+dx]
- P[B]
_ Ty(x) dx
P[B]

Example

« Observe the period of telephone call (T) is an
exponential RV with expected value 3 min.

* Find E[T|T>2]

e Solution:

(1/3) g3 t>0
f(t) =
0 Otherwise

PIT>2] = [ f(t) dt = 2"
2

& xeB,xtdx e B

Derive Random Variable

Y=X+b
Fy(y) =P[X+b<y] =P[X<y-b]=F(y-b)

fo(y) = dTFy‘Ly) = f,(y~b)

Theorem :

* Fy(y) = Fx(y - D)
* fy(y) =fx(y-b)

Conditioning a continuous RV

fX,B(x)/r{ _ KK

P[B]

Definition:
£.(X)
fo) = - PB] X8

0 Otherwise

Definition: @
L0001 = | 909 fiip(¥) dx

Example

fQO/PT>2] 20
Frms2(0) = 0 Otherwise

w3 e 0
0 Otherwise

« —(t-2)/3
ETIT>21= [t@se ~ dx
2

=5 min.




Homework

*4.7.6
*4.7.10
*4.7.13
* 482
484




